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Abstract. We study certain differential rings over the moduli space of Calabi- 
Yau manifolds. In the case of an elliptic curve, we observe a close relation to 
the differential ring of quasi-modular forms due to Kaneko-Zagier 23 . 



1. Introduction 

Since the pioneering work by Candelas, de la Ossa, Green and Parkes [8] in 1991, 
the theory of variation of Hodge structures has been one of the indispensable tools 
in the study of mirror symmetry of Calabi-Yau manifolds and its application to 
Gromov-Witten theory or enumerative geometry on Calabi-Yau manifolds. In par- 
ticular, in the generalization due to Bcrshadsky, Cecotti, Ooguri and Vafa (BCOV) 
to higher genus Gromov-Witten potentials, the theory of variation of Hodge struc- 
tures was combined with a framework which is called t-t* geometry |9| . t-t* geom- 
etry is a deformation theory of N — 2 supersymmetric quantum field theory in two 
dimensions, and there is a natural hermitian (real) structure in the space of observ- 
ables. BCOV identifies this hermitian structure with the hermitian structure over 
the moduli space of Calabi-Yau manifolds given by the Weil-Petersson metric, and 
have proposed a profound recursive relation, called holomorphic anomaly equation, 
for higher genus Gromov-Witten potentials. 

In case of dimension one, i.e. for elliptic curves, the counting problem and 
higher genus Gromov-Witten potentials have been determined by Dijkgraaf [TT] in 
1995, where it was remarked that BCOV theory is closely related to the theory 
of elliptic quasi- modular forms. In the same proceedings volume as [llj . Kaneko 
and Zagier have presented a general theory of quasi-modular forms introducing the 
(differential) ring of almost holomorphic modular forms. It is also found in [21] 
that, for an rational elliptic surface, the higher genus Gromov-Witten potentials 
are expressed by quasi-modular forms, extending the genus zero result by [25].[26]. 

For Calabi-Yau threefolds, it has been expected that the BCOV holomorphic 
anomaly equation is defined over a certain differential ring which generalizes the 
almost holomorphic elliptic modular forms due to Kaneko and Zagier. Recently, 
in physics literatures, Yamaguchi and Yau [32] and later Alim and Lange [2] have 
made important developments toward the structure of the expected differential 
ring of Calabi-Yau threefolds (, see also pQ, [15]). In this paper, to make a parallel 
argument to the theory due to Kaneko and Zagier, we introduce three different 
differential rings IZ-bcov ^bcov an< ^ "^bcov over tne m °duli space of Calabi- 
Yau threefolds. We call these differential rings simply as BCOV rings. Our BCOV 
rings Tij^cov an< ^ ^-BCOV' should be regarded as a natural generalization of the 
ring of almost holomorphic modular forms and quasi-modular forms, respectively, 



2 



S. HOSONO 



and may be recognized in the original work [5] and more explicitly in recent physics 
literatures [32] , [2] , PQ > 03] • We will introduce another form of the BCOV ring 7l° BCOV 
and observe that, with this ring, our parallelism to Kaneko-Zagier theory becomes 
complete. 

Here we summarize briefly the theory of quasi-modular forms due to Kaneko and 
Zagier. Kaneko-Zagier [2~3] starts from a ring 

with r in the upper-half plane, and the standard modular group action, r i— > f^S- 

Inside this large ring, one first considers the almost modular forms M(T)k of weight 
k as almost holomorphic functions F(t, f ) on the upper-half plane which transforms 
like a modular form of weight fc; 



-ar + b ar + b, nfcx-,/ -\ 

^ c 7Td'^ = (cT + d) F(T ' T) ■ 

Then the ring of the almost holomorphic modular forms M(T) = 
®k>oM (r)fc becomes a differential ring under D T : M(T)k — > M(T)k+2, with D T := 
■ Elements of M (V) have an expansion F = J2 m >o C ™( T ) (73?)™' and 
by taking the first coefficient co(r) we obtain holomorphic objects. Kaneko-Zagier 
shows that this map defines a (differential) ring isomorphism <p : M(T) — * M(T), 
where M(T) = C[£ , 2(r), E±(t), Eq(t)\ is the ring of the quasi-modular forms with 
the differential d T := -^i§^- Our observation here is that the ring (jl.ip is defined 
by the Kahler geometry on the upper-half plane, and has a natural generalization to 
the Weil-Petersson geometry on the moduli space of Calabi-Yau manifolds. Based 
on this, we will introduce our BCOV ring T^bcov m t erms of purely geometric 
data, and subsequently introduce other forms of the ring, 71b COV , Ti-scov- We 
may schematically write our parallelism of the BCOV rings to the relevant rings in 
Kaneko-Zagier theory: 

C[[r]][^] D M(r) -^-> M(r) 

T — T 

IK -BCOV ~^ IK -BCOV * '^BCOV • 

As one see in the arrow TZ BCOV — > T^bcov> ms tead of 3, the relations shown in 
this diagram are not exact correspondences but should be understood simply as 
parallelism. In fact, in our BCOV ring, following [5], we work with mermorphic 
sections of certain bundles instead of (almost) holomorphic forms in Kaneko-Zagier 
theory. Details will be described in the text, however it should be helpful to have 
this schematic diagram in mind. 

The main result of this paper is the introduction of the BCOV ring 7l° BCOV 
(Definition 3.3, Theorem 3.5) and making the parallelism to Kaneko-Zagier theory 
of quasi-modular forms complete. 

Construction of this paper is as follows. To make the paper self-contained, in 
section 2, we review the geometry of the moduli space of Calabi-Yau manifold, 
which is called special Kahler geometry, and set up our notations. In section 3, 
we define our BCOV rings. In subsection (3-1), we introduce the first form of our 
BCOV (differential) ring 7i- B cov based on the special Kahler geometry (Definition 
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3.1, Theorem 3.5). We remark that the BCOV ring V^ BCOV is infinitely generated, 
however there is a natural reduction Tl^fcQy to a finitely generated ring. In (3-2), 
we consider modular (monodromy) property of the ring and we will define a differ- 
ential ring TI^qov as ^ ne rm & °f monodromy invariants. We, then, understand in 
our framework the process of 'fixing a holomorphic (mermorphic) ambiguities in the 
propagator functions' given in the section 6.3 of [5]. In (3-3), BCOV rings T^bcov 
and T^bcov wm ^ e determined explicitly for an elliptic curve. There we provide 
a precise relation to the theory of quasi-modular forms (Propositions 3.11, 3.12). 
In (3-4), the final form T^bcov ^ s defined under a choice of a symplectic basis of 
the middle dimensional homology group. In section 4, toward an application to the 
holomorphic anomaly equation, we introduce the holomorphic anomaly equation in 
the form appeared in [32] .[2"]. Considering holomorphic anomaly equation in the 
reduced ring TiP^Qy we note that the equation simplifies to a system of linear 
differential equation (Proposition 4.3) which is easy to handle. Conclusions and 
discussion are given in section 5. There, the equivalence of the modular anomaly 
equation in |21j to BCOV holomorphic anomaly equation is also announced. 

Acknowledgments: The main result of this paper was announced in the work- 
shop "Number Theory and Physics at the Crossroads", Sep. 21-26, 2008 at Banff 
International Research Station. The author would like to thank the organizers for 
providing a wonderful research environment there. He also would like to thank 
M.-H. Saito for valuable discussions. This work is supported in part by Grant-in 
Aid Scientific Research (C 18540014). 

2. Special Kahler geometry on deformation spaces 

(2-1) Period integrals. Let us consider a family of Calabi-Yau 3-folds y = 
{Y x } over a small complex domain B with fibers Y x (x € B). As such a family, we 
will consider hypersurfaces or complete intersections in projective toric varieties, 
and assume that the local family eventually extends to a family over a toric variety 
M. (= Ps ec (£) with the secondary fan, see eg. [12]). We also assume that diniAf = 
dimH 21 (Y Xo ) for a smooth Y XQ . 

We fix a smooth Y Xo (x$ £ B) as above. We denote the cohomology H 3 (Y Xo , Z) 
by H Xo and write the symplectic form there by 

(2.1) (u,v) := V-i / uU v . 

Jy xo 

We choose a symplectic basis {«/, (3 J }o<i,j<r satisfying (ai,(3 J ) = 8/, (aj,aj) — 
((3 I ,P J ) = 0, and we denote its dual homology basis by {A 1 , -Bj}o</,j<r (r ■— 
dimH 2,1 (Y XQ )). With respect to this basis, we write the symplectic form 

*-(-E o). 

where E = E r+ \ represents the unit matrix of size (r + 1). We define the period 
domain 

V = {[uj] E P(H X0 ® C) | = 0, > 0} . 
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We choose a holomorphic three form of the fiber Y x (x £ B) and denote it by 
fl x := Q(Y X ). Then the period map Vo '■ B — > T> is defined by 

e(/ a >)*+e(X j ".>''] • 

Using path-dependent identification H 3 (Y X ,Z) = H s (Y Xo , Z), we may globalize this 
period map on B to M. by introducing a covering space M. . We denote the resulting 
period map V : M. — > T> and assume T C Sp(2r+2, Z) as the covering group. In this 
paper, we will write the period map V(x) = (or Vq(x) — \p(xj] (x £ B)) 

with the notations for the period integrals, 

Lo(x) = Y J X I (x)a I +Y^Pj(x)P J . 
I J 

We write by U the restriction to V of the tautological line bundle 0{— 1) over 
P(H Xo ® C). We then set C = T'*U, i.e., the pullback to M.. Complex conjugate 
of C will be denoted by C. The sections of C® n <g) C m will be often referred to as 
'sections of weight (n, m)'. The period integral oj(x) may be considered as a section 
of £, and thus has weight (1,0). 

(2-2) Prepotential. The symplectic form (|2.1j) naturally induces one form 9 
on T> by 9 :— (dui,uj). With this one form, (T>,9) becomes a holomorphic contact 
manifold of dimension 2r + 1. Since locally, the period map Vq : B T> is an 
embedding [6|[30] [31] and also #|-p (B) = due to Griffiths transversality, we know 
that the image of the period map Vq is a Legendre submanifold. Combining this 
with Gauss correspondence in projective geometry, it is found in general [7] that 
the image of the period map Vo can be recovered by the half of the period integrals 
X I (x) — J AI Q x . More concretely, it is known that: 

1) The map x i— > [X°(x), • • • , X r (x)j £ P r is an local isomorphism B — > P r , 

2) Integrating 9\-p ^B) = on B, we can write the other half of the period integrals, 

P ->(x) = ^r- (J = 0,l,..-,r), 

in terms of a holomorphic function T(X) called prepotential. 

The function T(X) is an holomorphic function of X°(x), • • • , X r (x) and has the 
following homogeneous property 

1=0 

This potential function exists locally for the small domain B. When globalizing the 
above local arguments to M., we naturally see that the monodromy group T plays 
a role for the definition of F(X) (see below). The group action of T is referred to 
as duality transformation in physics(, see e.g. jlOj and references therein). Here 
we remark that the holomorphic prepotential has a simple relation to the so-called 
Griffiths- Yukawa coupling of the family {Y x } xe B] 

d d d 8X 1 dX J dX K d 3 F(X) 



(2.2) - / n x u— — — n 



Y dx l dxidx k x ^ dx i dxi dx k dX I dX J dX K 

I,.J,K=0 
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where the l.h.s. is will be written by Cijk(x) hereafter. We denote the complex 
conjugate of Cijk(x). 

(2-3) Period matrix (1) . The most important object to introduce the BCOV 
anomaly equation is the classical period matrix. For simplicity, let us assume that 
our family {Y x } is given by a family of hypersurfaces in a (smooth) toric variety 
Pf., with the parameter x — (x 1 , x 2 , ■ ■ ■ ,x r ) compactified to a toric variety A4. We 
then consider A\ , the set of rational q forms on P|, with a pole order less than k 
along Y x , and set the cohomology group 

H k = Ai/dA 3 k _ 1 . 

Obviously we have Hi C H2 C • • • , and, in fact, this stabilizes at H4 (= H5 = ■ ■ ■ ) 
to the rational 4 forms H of poles along Y x . We note that, for 3-folds, the 'tubular' 
map r : H^{Y X: Z)^i?4(Ps \ Y x , Z) is an isomorphism ([Gr, Proposition 3.5]), and 
is related to the Poincare residue map R : H — ► H 3 (Y X , C) along Y x by 



lu = / R(lu) {uj e H k ). 

r( 7 ) J 7 

This residue map is an isomorphism, and more precisely, maps the filtration Hi C 
TL-2 C TLz C H4 to the Hodge filtration 

^3,0 (_ ^3,1 ^ ^3,2 ^3,3 

The holomorphic three form Q x = R(u>o) may then be given by a basis luq of 
Hi = i 7,3 ' . We take a basis u)q, u>\, • • • ,uj r of H2, and define the period matrix 

'J"t(A ) Wo /r^)^ J" t (b ) w o ••• J T(Br) ^o N 



(2.3) fi = 



JrlAn)^ /r(A r )^ frtBn)"* "' /tC^ 1 " 



r(A )^ Jr(A r )^ Jr(B ) r Jr(B r ) 1 

as (r + 1, 2r + 2) matrix. The first row of this matrix coincides with the period 
integral uj(x) = y\ X 7 (a;)Q;/ + Pj(x)j3 J , and the monodromy group T acts on 
this period matrix from the right. 

The following properties of are consequences of the filtration Q and the 
Hodge-Riemann bilinear relations; 

i) rtQ t n = o 

1 ' ' 2) V^Ttt Q ft > . 

Here 2) means that when we decompose the (r + 1) X (r + 1) hcrmitian matrix 
V— f J~2(5^T into the block form compatible with the filtration Hi C H2, then the 
first diagonal block ( f x 1 matrix) is positive definite and the whole (r+ 1) x (r + 1) 
hcrmitian matrix has 1 positive eigenvalue and r negative eigenvalues. 

In our case of hypersurfaces (or complete intersections) in toric varieties P|-, 
the basis luq for the rational differential Hi can be given explicitly by the defining 
equation of Y x with the deformations x , ■•■ ,x r . Then our assumption hereafter 
for the family {Y x } xe B is that the derivatives 

(2.5) <9iw , ■ • • j dr^o {diU>Q := ^7 w o) 

span H2 together with the basis ujq of Hi for each small complex domain B C M. . It 
will be useful to define a notation dotoo = ^o- Now using J , . diUj — R(diUJo) = 
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di J R(u)a), we can write the period matrix simply by 

(2.6) to=(d i X I d i Pj) = (d i X I diX J Tu) ^ r 

where we define tjj = dx d i dx .j T(X), and set OqX 1 = X 1 , OqPj = Pj. In the above 
formula, and also hereafter, the repeated indices are assumed to be summed over 
(Einstein's convention) unless otherwise mentioned. Using the property 1) in the 
previous paragraph (2-2), we may assume 

dct(5 l X / ) <a<r = (X°) r+1 det (di(^)) ^ 

V VA ' J l<i,I<r 

for x such that X°(x) ^ 0. Hence, at least locally, we can normalize the period 
matrix in the form 

(d l x I r 1 n = (ET) . 

In this normalized form, the bilinear relation 1) in (|2.4|) is trivial since tjj = tji, 
while 2) entails 

V-L(r - t) > , 

which means the matrix Imr has one positive and r negative eigenvalues. Here 
we note a similarity to the period matrix of genus g curves, however the mixed 
property of the eigenvalues is a new feature in higher dimensions. 

Finally, we note that the monodromy group T acts on the normalized period 
matrix from the right, and for ( ^ ^ ) Gf we have 

(2.7) t ^ (Ct + Dy^Ar + B) . 

Since -^t-^t^F = T u, this describes the transformation property of the prepoten- 
tial which is defined locally for the family over B. 

(2-4) Period matrix (2). Period matrix (|2.6[) has been defined entirely in the 
holomorphic category, since it is based on the Hodge filtration. One may modify the 
Hodge filtration to Hodge decomposition if we incorporate a hermitian structure 
coming from the Kahler geometry on M.. Let us first note that over the small 
domain B, and hence on M. except the degeneration loci, there exists a Kahler 
metric gq = didjK(x, x) (1 < i,j < r) with the Kahler potential 

K{x,x) = -]og{(Q x ,n x )} = -log{(#(w ),iZM>} . 

This Kahler metric is called Weil-Petersson metric on M.. The bases <9o^o = 
too] diUJo, • • • , d r wo which are compatible with the filtration Tli C H.2, or the Hodge 
filtration F 3: ° C F 3 ' 1 , may now be modified to 

Dquj = lo ; Diuj , ■ • • , D r uj Q (Di = di + K h i = 1, • • • , r), 

where K t = diK(x 1 x). One should observe that, since (R(ojo), R(DiUj )) = 
holds for i = ,r, these bases are compatible to the Hodge decomposition 

H 3 '°(Y X ) (B H 2 ' 1 (Y X ). Correspondingly, the period matrix (|2.6p may be modified to 

(2.8) n = ( DtX 1 D % Pj ) = ( DiX 1 D t X J TlJ ) Q < . ^ , 

where we set DqX 1 = X i ,DqPj = Pj. Since we have det(DiX I )o<ij<: r = 
det(diX I )Q<ij<: r 7^ 0, the normalized period integral has a similar form as before; 

{D l X I )- 1 n=(E t) . 
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The same monodromy group T acts from the right on the period matrix. In 
contrast to this, the left action shows a nice connection to the Kahler geometry on 
M. 

(2-5) Special Kahler geometry on M.. After some algebra, we have for the 
Kahler metric 



g fj = difyKfax) = -e*l x ' x >(R(D i (j ),R(D j w )). 
With respect to this, we introduce the metric connections 

it, = !i u o, !lj ,. , r| = ,,■■■■<),,/,„ , 

for the holomorphic tangent bundle TM. and the anti-holomorphic tangent bundle 
T'M., respectively. The curvature tensor for these connections are given by 



n k 
R ijl 



-9j T u > R iiT 



0,\ h , 

1 ji 



In addition to these, we have the Griffiths- Yukawa couplings Cijk(x) and C^j^.(x) 
on the moduli space M . These tensors define the so-called special Kahler geometry 
on M. , which can be summarized into a property of the period matrix (|2.8|) . 
Let us introduce the following (2r + 2) x (2r + 2) matrix 

'DiX 1 A-P/ 



(2.9) 



DiX 1 DiPj 



0<i,I,J<r 



By definition of the period matrix, the row vectors represent the Hodge decompo- 
sition H 3 '°(Y X ) 8 H 21 (Y X ) 8 H 12 {Y X ) 8 H°' 3 {Y x ) in terms of the bases 



R(u ), R(D^ ) , R(DiU ) , R(u ) 



(2-10) 

By simply writing l|2.9p . we implicitly understand the row vectors are ordered ac- 
cording to the Hodge decomposition above. With these explicit bases in mind, we 
introduce the covariant derivatives acting on the column vectors £1 and fi; 



Di 




on $7 — 
on S2 




on n 

on ft 



where T*^ and T* represents the conventional form of the contraction via the metric 
connection. 

Theorem 2.1. The period matrix satisfies 



(2.11) 
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Proof. Let us consider, the three from R(DjU>o) in the Hodge decomposition (|2.10ll . 
Then DiR(DjU>o) is a three form and may be expressed in terms of the basis (|2.10p 
as 

DiR(DjU ) = cqR(uj ) + c m R(D m uj ) + d m R{D m uj ) + d R(uj ) . 

Now, using (R(D n ojo) , R(D m ojo)) = —e~ K g n m and other orthogonal relations, it is 
easy to see cq = c m = do = and 

-d m e~ K g k m = (R(D k LO ), DiR(DjUo)) 

= -(.rm, AAA#M) = V^iCijk , 

where Cyfe is the Griffiths- Yukawa coupling (|2.2[) (i?(^o) = O s ). One can continue 
similar arguments for other bases of the Hodge decomposition (|2.10[) . Integrating 
three forms over the cycles {A 1 , Bj}, we obtain the claimed linear relations for the 
row vectors of the period matrix. □ 

The connection matrix Ai , A\ was first determined by Strominger in [28] . The 
existence of the first order differential operator is due to the fact that the Hodge 
decomposition is 'flat' over A4, and we should have the compatibility relations for 
the first order system. Indeed one can see that 

[A +A i ,D j +A j ] = 0= [A + Ai,D 3 + Aj] , 

are ensured by the existence of the prepotential (|2.2[) , and another mixed-type com- 
patibility condition imposes a rather strong constraint on the Kahler geometry [28], 
which is called special Kahler geometry (, see, e.g., [10] and references therein). 

Theorem 2.2. The compatibility condition 

[D i + A i ,D- j + A 3 ]=0 

is equivalent to 

(2.i2) - /C = + 9 - 3 A k - < 2h c.n l r li .,„< J <r ■ 

In section (3-1), we will derive the relation (|2. 12[) directly evaluating the metric 
connection. The both equations (|2.1ip and (|2.12p are often referred to as special 
Kahler geometry relations, and will play central roles in solving BCOV anomaly 
equation. 

(2-6) Notations. As we have summarized above, the special Kahler geometry 
relations, in the holomorphic local coordinate x % (i = 1, • • • , r), on M arises from 
the flat property of the period matrix $7 and its complex conjugate. Since the row 
vectors of O correspond to the decomposition H 3,0 (Y X ) © H 2,1 (Y X ), it is convenient 
to introduce the (Greek letter) notation a = (0, i) and a = (0, i) for the indices of 
the row vectors and their complex conjugates, respectively. Then the period matrix 
may be written simply by 

n = {DaX 1 D a Pj) = (D a X L ) ( E t u ) . 

As remarked in subsection (2-4), (r + 1) x (r + 1) matrix (DaX 1 ) is invertible. We 
set £i := DaX 1 , := DaX 1 and define £/* and £f, respectively, by 

(tn^iDaX 1 )- 1 , (^7) = (AA^)- 1 . 
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Note that the i-th row of S~2 represents period integrals of the three form R(DiUJo) € 
^■^(Yx) for a symplectic basis {A 1 , Bj}. Then we can see the Weil-Petersson met- 
ric in the following (r + 1) x (r + 1) hermitian matrix, 



'9oo 

o gq, 

Equivalently one can write this matrix relation by 

For the tensor analysis in later sections, we introduce a "metric" by 

(Qjj) = V^le K ^ (r - t) , (G IJ ) = -V^e~ K ^ (r - r)" 1 . 

Then we have g a p = ^Gu^s ,g a ^ = ^j a G IJ ^j- With these metrics we will raise 
and lower the indices /, J, • • • as well as the Greek indices. 

Now the special Kahler geometry relations in Theoren l2.ll may be expressed by 




It will be useful to note that the following relation holds by definition; 

(2-14) D&/ = C ijm S mn £n , 

where S mn is the propagator that will be introduced in the next section. 



3. BCOV rings 

(3-1) BCOV ring T^bcov- Based on the special Kahler geometry relations 
summarized in the previous section, we introduce a differential ring over the mer- 
morphic sections of a certain vector bundle over M.. Let us first introduce the 
so-called propagators; 

Definition 3.1. 

a/3 — e \ T T )UKat,j3 > 13 —99 ■ 

Obviously and 5 Q/3 are symmetric with respect to the indices. Note that, 
since the factor e 2K has weight (—2,-2), both S a/3 and S^p have weight (—2,0) 
with respect to the line bundle C (, see section (2-1)). Following [5], we will often 
use the notation S, S 1 , 5 iJ ' , which are related to S a ^ by 



/ 5 oo 


s»\ = 


( 25 


-S l \ 


\S 0i 


S v ) 1 


\-s i 


) 



If we use the property of r and the prepotential introduced in (2-2), we have 
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Proposition 3.2. The following relations hold, 

1) D-S 2) 77,77,. V .V„ 3) D{DjD- k S = e 2K C Tfk . 

These are equivalent to 1) c\S = gjjS^ , 2) d^S^ = gjiS^ and3) c\S^ k — e 2K Cj-^g^ g' 

Proof. Acting D J (= df) on S = \e 2K (r - ?) IJ X I X J , we obtain 

d- t S = e 2K (r - T)uD i X I X J = % , 

where we use {-^kTu)X j — X J (t^jTik) = 0. By similar calculations with the 
special Kahler geometry relation (12. . the properties 2) and 3) above follow. □ 

S kl ,S k ,S are called propagators in physics literatures, and contain the anti- 
holomorphic prepotential J~(X) in their definitions. On the other hand, the holo- 
morphic prepotential T{X) defines the so-called n-point functions on a Riemann 
sphere by 

C ili2 ... in =D il D i2 ---D in F(X) (n>3), 

where the covariant derivative Di — di + 2diK(x, x) — T* iSf acts on T(X) by the 
standard contractions of the holomorphic indices (see (|3.4p in general). By Kahler 
geometry, the holomorphic covariant derivatives commute with each other, so the 
n-point functions are symmetric tensor, and in particular coincides with the 
Griffith- Yukawa coupling (|2.2p . 

Definition 3.3. As an symmetric algebra, we define 

T^BCOV = Q[^> & J & 3 ' 1 l' " " 1 Cixini-f-i-n 1 ' ' ' ] ) 

where Ki = -^-iK{x,x), We call this symmetric algebra BCOV ring. 

In general this BCOV ring is infinitely generated. However we will see in the 
next section that if we consider the corresponding ring for an elliptic curve, the ring 
is finitely generated. In case of Calabi-Yau threefolds, as it turns out later that 
this problem of finitcncss is related to the explicit form of the holomorphic function 
hijki(x) derived in (13. 7p below. For convenience, we will often abbreviate the infinite 
series of the generators Cjki, D^Cjki,- ■ ■ by {C^-fe}. With this convention, the 
BCOV ring may be written simply by 

(3.1) n° BCOV = Q[S,S i ,S ij ,K i ,{C ijk }} . 

The propagator S af3 and Ci 1 i 2 ...i n have respective weights (—2, 0) and (2, 0), and 
also Ki has weight (0,0). Therefore the symmetric algebra is graded and defined 
in the set of global sections of 

(3-2) (<x*(T*M)f m ®(TC*(TM)f n ®£ k , 

m,n>0 k— — co 

where 7r : M. — > M. is the covering map and C — > M. is the line bundle introduced in 
(2-1). Precisely, Ki is a connection of the holomorphic line bundle C and therefore 
this is not a one form. However we regard Ki as a one form taking a global 
trivialization of C over M.. By the following lemma, we see how the BCOV ring 
lZ% CO v depends on the sheets of the covering. 
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Lemma 3.4. When we change the symplectic basis by ft — > a), we have the 
corresponding change of the generators, 

(3.3) S a(s -► S af} + £/* [C(D + tC)] "if . 

Proof. We keep our convention of the contraction by writing the indices of the 
symplectic matrix by (X 1 Pj) — > (X 1 Pj) ^ ^f, B J^ ^ . Then we have 

&^L J (D + tC)/ , t I j^[(D + tC)- 1 (B + tA)} ij , 
and also, using ( ^ a ) *2 *( c A ) = we have 

(r - f) -> (£> + TC)" 1 (t - f) ^D + rCr 1 . 

After some algebra, the claimed transformation property follows directly from the 
definitions. □ 

We note that the metric connection rf„- and K; define the covariant derivative 

Di on the sections (|3.2p . Thus, for example, for the section Vj l of weight (fc,0) we 
have 

(3.4) D n v* = ^-v/ rzvj + ri m Vi ml + r l nm v^ m + kK n . 

Theorem 3.5. The BCOV ring lZ^ CO y is a graded, differential, symmetric algebra 
with the (commuting) differentials Di (i = 1, • • • , r). 

This theorem is a direct consequence of the following proposition. 
Proposition 3.6. The covariant derivative acts on the generators oflZ^QQy by 
DiS kl = 5 k S l + 5[S k - C imn S mk S nl , 

D. t S k = -C imn S m S nk + 25 k S , 

(3.5) ! 

DiKj = —K^Kj + Cij m S mn K n — Cij m S m . 



Proof. The first three equations follow from the definitions and the special Kahler 
geometry relations (f2T2|) . ([213]) . There, it is useful to write S af3 = -±=e K Q 1 J ^ ^ 
and use the following relations, 

DiQlm = V~^e K Ciki^L^M ) Dit;" = —Ci mn S na S, I m — £^5™ . 
For the fourth relation, wc formulate the following two lemmas and use the relation 
([51)]) below. □ 

Lemma 3.7. 

d- k Zi = 0, d- k Zj° = -d- k (K m tn • 
Proof. The matrix (£/*) is the inverse of (£ Q J ) by definition. From this, we have 
ddf = -Zfdktptj- Now usin g d ktp = d- k D p X J = g^ J , we obtain 

The first claimed relation is the case when a = i. The second relation follows from 
the case a = together with the first relation. □ 
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Lemma 3.8. Define = (didjX 1 ) £f , then is holomorphic and we have 

OiKj - KiKj = -C ijk S k + f™K m + hij , 

where hij = — (didjX I )hj with a holomorphic function hj = hj{x). 

Proof. When differentiating twice the defining relation of the Kahler potential 
e~ K = (Cl x ,n x ) = \plX I (j - t)uX j ", we have 

e-x^-diKj + KiKj) = V^ldidjX^f - t) u X j - V^ld l X I d 1 X L T ILJ X J , 

where we set tijk — q^k t ij- On the other hand, by definition of S m , we have 

s~l rim 2K /~i —\ c I £ J „mfh „00 

Ujmi — -e Cijm{r-T)u^^ m g g 
= -V^e K C ijm g I jX I ^g m ' h 

= -V^le K C t3m X L Zl n = -V^le K T IJL d l X I d J X J X L , 

where we use X m tjjm = which follows from the homogeneity property of T(X). 
Using Qu = (,j a g a p£j and £g = X J , we also have 

V^le K d i d j X I (T - t)uX j = -didjX'GuX- 1 = didjX 1 ^ , 

where, due to Lemma 13.71 we may use £ 7 ° = —^j m K m + hj with some holomorphic 
function hi. Substituting all these relations into the first equation, we obtain the 
claimed formula. The holomorphicity of f& — (didjX 1 )^^ follows from the same 
Lemma 13.71 □ 

From the above lemma, and dmS k = g m mS mk , we obtain 

(3.6) It g\Kj ■ g ! j I\, C ijm S m ' ■ //; , 

which derives the special Kahler relation (12. 12|) directly from the definitions. 

The connection (|3.6[) contains non-geometric object /y(x), however this does not 
appear in the formulas ()3.5|) since the first three equations follows directly from the 
special Kahler relations as we have already seen. For the the fourth equation, one 
observes that ffj{x) cancels in the evaluation of DiKj. 

Remark 3.9. The BCOV ring 7l^ cov is not finitely generated in general, however 
it is very 'close' to this property. This can be observed in the following formula 

Dldjk = ^ C a brnS mn Cncd + TUKL^i (,/ ^ ^ 

{a,b}u{c.d}=I 

(3.7) 

= y ' C a b m S mn C nc d — S ' K a Cx\{ a } + hijki 

{a,b}u{c,d}=X ael 

where we set X = {i,j, k, 1} and hiju ■= TuKhdiX 1 djX J dkX K diX L with tukl — 

i£om^dh?mzF( x )- Eq.(E2D follows from c ijk = tukZH/^ with the rela - 

tions (|2.14[) and DkTuK — (dk ~ Kh)TiJK — tukl^- If the holomorphic term 
hijki were zero, then the BCOV ring TZ-%cov reduces to a finitely generated ring. 
This finite generating property can be realized in general by considering the follow- 
ing quotient: First, let us note that under the relation (|3.7p . the BCOV ring may 
be written as 

T^bcov = Q[<S) S l , S 13 , Ki, C^k, {hijki}] , 
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where {hijki} means the infinite sequence of the covariant derivations of hijki- 
Considering a differential ideal Q[{/iijw}], we may reduce the ring T^bcov t° the 
quotient 

( 3 - 8 ) ^bcov = Hgcov /Q[{h ijk i}] . 

We call this quotient ring reduced BCOV ring. 

(3-2) BCOV ring T^bcov ' we have remarked in the previous section, the 
BCOV ring is defined in the algebra of global (mcrmorphic) sections of the bundle 
(|3.2p over the covering space M.. Since there is a natural action of the covering 
group r C Sp(2r + 2, Z) on the sections, one may consider the invariants under this 
group action. Elements in TZ-° BCOV , in general, are not invariant under this group 
action, however they can be 'lifted' to define T-invariants by specifying a 'lift' for 
each propagator (, see below). We then define T^bcov tne minimal differential 
ring of T-invariants which contains those T- invariants from TZ-%cov- We ma y call 
Tiscov as a T-completion of the BCOV ring 7l% cov . 

Let us first note that the generators Ki(x, x) and Cijk{x) are invariant under the 
group r by their definitions. Since the generators S al3 are transformed according 
to (|3.3p . we modify them to T- invariants S al3 . 

Let us assume S = S +hS kl for a T-invariant lift. Then it may be determined 
simply by writing the equation (|3.6[) as 

(3.9) T k 3 ^S k K 3 +S k K 3 ~C ljm S mk + f k , (f k =f k +C l3m bS mk ), 

and requiring T-invariance of fK . We will show, in the example of an elliptic curve, 
the simplest way to impose the invariance is to require f k 3 - to be a rational function 
(section) on M.. In the original paper by BCOV, this process is referred to as 'fixing 
holomorphic (mermorphic) ambiguity' (section 6.3 of [5])- 

Once S kl is determined in this way, the form of other T-invariant propagators 
S k , S may be restricted, by requiring the relations d k S l = g kk S kl and g kk S k — d k S 
given in Proposition 13.21 to 

(3.10) S k = S k + I\S kl Ki +hS k , S = S+ ^hS kl K k K l + kS k K k + hS , 

where AS ,fc and hS are suitable mermorphic sections. The form of AS' fc can also be 
determined, in a similar way to (13. 9p . from 

(3.11) OiKj - KiKj = -C l3k S k + fV>K m + hij , (h i:j = h l3 + C ijk bS k ), 
by requiring that hij is a rational function (section) on M.. 

Proposition 3.10. For the T ' -invariant propagators, we have 
DiS kl = S k S l +5 l t S k - C imn S mk S nl + E kl , 

DiS k = -C imn S m S nk + 2S k S + £ km K m + E k , 

(3.12) . i _ _ i a 

DiS = -~C imn S m S n + -£ i K k Ki + £l n K m + £ l , 

D K — — K K -\- (!■■ Q mn K — C <? m -i_ C . K m 
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where we set n m — AS™ and 

Ef = v(l\S kl - 6 k kS l - S l i hS k + C vmn bS mk kS nl , 

E\ = V{ hS k - 25 k kS + C imn kS n LS nl , Si = V{ AS + ic imn AS m AS" . 

We also define T){ := di + f*^ a (covariant) derivative with f k j(x) in H3.6\) being 
treated as a connection. 

Proof. Use the definitions S kl ,S k ,S, r* = 5 k K 3 + 5 k K. t - C ljm S mk +f k and 
Proposition l3.6l for the evaluations. After some algebra, the claimed formulas follow. 

□ 

If we define 

(3.13) Ef = Ef , £ k = £ km K m + £ k , £ t = ^ l K k K t + £™K m + £ t 

then these are sections of weight (—2, 0) which are invariant under the action T . 
Considering all covariant derivatives of these tensors, and also K m , we have the 
minimal ring of T-invariants 

K T B cov = Q[S k \ ~S k ,~S,K ll {C ijk }, {Ef },{%},&}, W n }} , 

where the bracket notation is used for the infinite set of the generators as before. 
We should note that the explicit forms of the new generators £ kl ,£ k ,£i and n m 
depend on the 'lifts' of the propagators S' l: ',S k ,S. Hence the ring I^bcov a l so 
depends on the lifts. 

In case of elliptic curves, we will observe that the ring 7iF BCOV has a close 
similarity to the ring of almost holomorphic modular forms studied in Kaneko- 
Zagier [2"3"| . 

(3-3) Example (elliptic curve). We have introduced the BCOV ring for 
Calabi-Yau threefolds, however if we replace the special Kahler geometry by the 
geometry of upper-half plane, it naturally reduces to the rather standard theory of 
(almost holomorphic) modular forms[23 . 

Let us consider a family of elliptic curves over M. and its period integrals fol- 
lowing (2-1). We consider a family of hypersurfaces Y$ 

W(a) := a + axU + a 2 V + a 3 jj^ = C (C*) 2 

in the torus (C*) 2 . Compactifying (C*) 2 to a suitable toric variety Ps, we obtain 
our family of elliptic curves. The moduli space M. arises as the parameter space of 
the defining equation. Because of the natural torus actions on the parameters, it is 
easy to see that M. is given by P 1 , and we have 

x ~ K \^a) U V ) [ a e e >■ 

Taking a symplectic basis A, B with Q — ( _° x q ) , we define the period integral Q — 
(wq(x),wi(x)). The period integrals satisfy the Picard-Fuchs differential equation 
of the form, 

{e 2 x - \2x{G6 x + 1X60, + 5)}cui(x) = , 
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Cx '• — / dx U — £l x — 



where 9 X = x4-. The 'Griffiths- Yukawa coupling' in this case is simply defined by 

Let us fix (uniquely) the A cycle by the condition that the corresponding period 
integral wq(x) is regular at x = and normalized by u>o(x) = 1 + ■ • ■ . Then we take 
a dual cycle B to A. With this choice of the basis, the period matrix takes the form 

f2 = (u>o(x) ^i{x)) = wq(x)( 1 t ) with t ~ log^ H near £ = 0. We invert the 

relation t = as a; = Then it is standard to obtain the following identities 

(see eg. [23]): 

1 1 A T 

(3.14) —^C x a - = \ , u {x(t)f = E,{t) , C x (x(t))=j(t) , 

2wi ujo{x) z at 

where E^it) is the Eisenstein series, j(t) is the normalized j-function with their 
Fourier expansion given by q — e 27 ™* (and = Q^)- We also have the following 

useful relation 

in terms of the Dedekind r/-function. Note that the first identity of (13.14j) simply 
represents the fact that there is no quantum correction to the Griffiths- Yukawa 
coupling. 

(3-3.a) The BCOV ring Tl° BCOV = Q[S, K x , C x }. For an elliptic curve, Defi- 
nition 13.11 of S = S oa should be read as 

S = ^-9 05 9° 5 e 2K (t - mo = ^~e 2K {t - t)^o • 

with the period matrix CI = LUo(lt). Here, for elliptic curves, we introduce the 
factor in the definition of S. For the Kahler potential, we have e~ A = i CIQ *$~2. 
Then it is straightforward to obtain 

S = J_J_J_ K _ dt 1 d ! / o(x)) 
2iri uJq t — t ' dx t — t dx 

Proposition 3.11. The BCOV ring TZ% C q V is finitely generated by S, K x and C x . 

The covariant differential D x acts on the generators by 

(3.16) D X S = -C X SS , D X K X = -K X K X - 60 C x , D X C X = . 

Proof. It is sufficient to derive the differentials of generators (|3.16p . The metric 
connection Y x xx may be determined from the relation; 

{-d x Kx + K x Kx)e- K 

= i—nQ\i=( K --^Kx + mc x )e- K , 

where we use the Picard-Fuchs equation 
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to rewrite flQ*H = i-j^ujQ 1 ^ as above. After differentiating (|3.17p by d x , we 
have T xx = 2K X + W 5 -. Now using (|3. 1T[) again, we have 



dx 2 ^ dx 2 

D X K X = (d x + T X XX )K X = ~K X K X - mC x 



Similarly, noting the generators S,C X have their weights (—2,0) and (2,0), respec- 
tively, and using the relations (|3.14[) , it is straightforward to obtain the claimed 
relations. □ 

It will be useful to have the following expression for the connection T xx — 2K X + 

(3 18) T x 2 ^ ^ + ^ 1 f \ 2^ ^- dx d dt 

dxi—t dx \ujq{x) 2 ) dx t — t dt dx dx 1 

where we use the identify ^ = 7^7 in (|3.14p . In particular, writing the first 
identity of (|3.18ll as 

d , f C x 

one may regard this as the corresponding relation to (|3.6p . 



T% x = 2C X S + L log = 2C X S + H x , 

dx \U3n\XY / 



(3-3. b) The BCOV ring TZgcov ^ n our example, the covering group T is 
given by the (genus one) modular subgroup ((-1 i)i (J 1)) c SL(2, Z). S is not 
invariant under the T action, however it is clear from the form — that S can be 
lifted to a T-invariant by 



S^S= -1—1 — J— - —E 2 (t)\ 
ujl(x)\2irit-t 12 y ' J 



uJq(x) I 2iri 

in terms of the Eisenstein series E2 (t) . S is invariant since E$ (t) — j-^ — E% (i) 
is the almost holomorphic (elliptic) modular form of weight 2 and ojq(x) 2 = <J E4 (t) 
for the denominator. 

In our general formulation based on (|3.9| , the invariance arises in a rather weak 
form as follows: We first start with the 'shift'; 

F X x = 2C X S + f xx — 2C X S + f xx (f xx :— f xx — 2C x hS) , 

where S = S + AS. Accordingly, the formula D X S changes to 

D X S = -CxSS + e x Ux := dxbS + C X ASAS + 2^As) . 

Proposition 3.12. f xx is a rational function of x if and only if we set 

AS=--L^+r(x) , 
O x Wo 

with some rational function r(x). In terms ofr(x), £ x is given by r'(x) + C x r 2 (x) — 
60. When £ x = XC X with some constant A S Q, then the BCOV ring Tt r BC Qy is 
finitely generated by S, K x , C x with the following differentials, 

D X S = -C X SS + \C X , D X K X = ~K X K X -60C X , D X C X = . 
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Proof. We evaluate f£ x as 

f% % = d x log (%) - 2C X AS = -2^ + ^ - 2C.A5 , 

Wg UtQ U X 

from which the first claim is clear. For the evaluation of £ x , we use the Picard- 
Fuchs equation satisfied the period integral luq{x). The third claim is clear since 
the differentials closes among the generators. □ 

The differential equation £ x — \C X for r{x) may be solved by hypergeometric 
series. From the solution, one may observe that there are infinitely many A for 
which r(x) becomes rational. The simplest result is given by 

x- J_ ( \-19k 5- 

144 ' { ' ~ 12 CI ' 12 wg ' 

where we evaluate 5 + AS = S + T2 log ^ = S - -^-^d x \og-q{t) 12 for S. 
Similarly for A = 133' ^ or example, we obtain r(x) = ^§§:tVc* ~~ 

11 5 C * 1 1 and 



2 1-864:e ' 12 Cf 2 l-864o: 

12ajg I 2 £ 4 J' 12wg I 2 £ 6 J I2u$\ 2 £ 4 £ 6 J 
respectively. 

We note that, when the ring is finitely generated, the BCOV ring is very close to 
the ring of almost holomorphic modular forms studied in Kaneko-Zagier [53]. For 
comparison, it might be useful to write our generators (for the case A = ^jj) in 
terms of the elliptic modular forms; 

3.19) S = — — C x = j (t), K x = — — E 2 i - — — f. 

One should note, however, that the weight assignment in the BCOV ring is different 
from that of almost holomorphic modular forms. Also, in the BCOV ring, we have 
additional indices of the cotangents (ir* (T*j\4)}® m . 

(3-4) BCOV ring Tlgcov ^or the applications to Gromov-Witten theory of 
Calabi-Yau manifolds, the most relevant form of the BCOV ring is the holomorphic 
limits of the invariants T^bc'OV' which is often referred to as "i — ^ oo" limit in 
physics literatures. For the above example of an elliptic curve, the meaning "t — > 
oo" should be clear as the 'limit' taking the constant term of J2 n >o a m(t) ( tzt) ■ 
We need to formulate a precise meaning for Calabi-Yau threefolds. However the 
idea of the limit should be clear from the structure 1?? BC ov with the differentials 
(|3.12jl . Namely, all the differentials are with respect to holomorphic coordinate, 
and therefore "throwing away" the anti-holomorphic dependence, at the cost of 
T-invariance, should be compatible with the differentiations. 

To describe the holomorphic limit in more detail, let us introduce the so-called 
flat coordinate. We first fix a symplectic basis {A 1 , Bj} and denote the correspond- 
ing period integrals (X 1 (x), Pj(x)). By the property 1) in section (2-2), the (half) 
period maps x € B(c M) i— ► [X I (x)j £ P r provides a local isomorphism. Due 
to this property we may introduce the so-called flat coordinate (t°) a =i,---r by the 
relation 

(X^x^X^x),.-- ,X r (x))=X°(x)(l,t\--- X) , 
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near X°(x) 7^ 0. In this flat coordinate we have for the Kahler potential e K ( x < x > = 
iX°{x)X°{x)e- K{t V with 

ap 

e-K(M) = m) _ 2F(t) + (( . _ + 

and F(t) = J'(X) = JF(^-). Connections of the bundles in these two local 
coordinates [x l ) and (t a ) are related by 

As we see in the formula e - *^*'^, holomorphic and anti-holomorphic dependences 
are not separated by a factor like f(t)g(t) (or f(t) + g(t) in log/C). We assume 
that the 'constant terms' against to the anti-holomorphic dependences are selected 
simply by setting to zero those expressions written by ICt°-(t, t) and T* Qtb (and also 
their holomorphic derivatives). 

Definition 3.13. Choose a symplectic basis B := {A 1 ,£?,/}. Then we define the 
holomorphic limit of the elements in T&bcovi with respect to B, by the following 
replacements of the connections: 

As remarked above, the holomorphic limit commutes with the holomorphic dif- 
ferentials Di, and hence we have the same differentials as (|3.12j) . We denote the 
holomorphic limit of the generators S v , S , S, respectively by S 4 - 7 , S k ,S. Also by 
Di(= di ± kKi ± TtJ, we represent the holomorphic limit of the differential Di. Ac- 
cordingly, K, should be assumed in the definitions (|3.13|) of Ef^Ei, although we use 
the same notation for these. Thus, taking the holomorphic limit of the T-invariant 
BCOV ring, TifjQoy - 5 we will have holomorphic BCOV ring, 

Kcov = Q[S^,S k ,S,K l ,{C ufc },{# i },{4 fc },{^},{« m }] • 

The concrete form of the generators S lJ may be determined from the holomorphic 
limit of the relation (13.91) : 



(3.20) rjj = 5jKj + SjKi — Cij m S mk + fj°j . 
Similarly, for S fc , we can use (|3. 1 1|) . 

(3.21) diKj — KiKj — —CijkS k + /j" l K m + hij . 

These equations are used to determine the propagators in [5]. As noted there, 
when r > 2, the first relation (|3.20[) provides an overdetermined system for S 1 - 7 , 
and the form of fh should be restricted so that there exist solutions S y . Similarly, 
hij should be restricted so that the relation (|3.2ip has a solution S fe . If we find a 
set of solutions S* 5 ',S , the first equation of (|3.12|) determines £ kl , and the second 
relation of (|3 . 1 2[) determines S up to £ k . As argued in [5], the possible forms of 
rational functions (sections) fh, hij may be restricted, to some extent, by imposing 
regularity (or singularity) of at certain degeneration loci of the family, see [5]). 

Example 1 (elliptic curve): When we take the symplectic basis B — {A, B} as 
in the previous section, the holomorphic limit of T^bcov 1S exactly the map taking 
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the constant term of Cmfyzr) ■ From the example in the previous section, it is 
immediate to obtain (for A = that 

1 Eo(t) „ , , , _, dx d dx 

S = ~2^W ' K a = - 9 ,log(.o(x)) , rL= w ^ w • 

As for the differentials, we have the same form as those in Kg CO y, i.e., 

Q 

DjjS = — C X SS + — , D^Kj, = — K X K X — 60 C x , D^Ca, = . 

These relations define the BCOV ring fOgcov = Q[S,K X ,C X ]. The form of the 
generators are given simply by E% (i) — > £2 (t) in (|3 . 19[) . 

Example 2 (mirror quintic Calabi-Yau threefold): The construction of a 
symplectic basis B about the so-called large complex structure limit has been done 
in [8] (, see also [17] and references therein for its combinatorial construction). We 
consider the holomorphic limit with respect to this basis. To fix the propagators 
S lJ , S fc , we have to solve the equations (|3.20p and (|3.21| finding suitable choices for 
the rational functions f xx , h xx . In [5] , it has been found that these unknowns are 
uniquely fixed by requiring expected properties for the higher genus Gromov-Witten 
potential, J- gi which comes from the anomaly equation. Here we simply translate 
their results into our conventions. First, the propagators S xx , S x are determined by 
the choice f% x = 81 - 2 1 



5 x ' ' 25 x 

8 1 8 12 1 

1" ' xx = ^Ka; CxxxS 7" 7 Qx^x K^K-j; = C X xx^> ~Z K x + — — 

5x 5 x 25 x 



2 ' 



where C xxx = gaTjj^s^ and a; is related to -0 in @][5] by s = i. Then the 
differentials are evaluated to be 

x 
25 

T I 

n ox _ nq _ f q^cll I K" 

jj-^kj — o ^~^xxx I r\^£ ^ 

25 125 

1 a; 12 1 

D p S — (^y r r t S S I Kir Ki" K t I . 

2 50 125 3125 a; 

^cc^x — ^x^-x H - CrejrxS Ca:a;a:S -f- — — ■ j , 

ZD X 

from which we read E% x = = -^,£ x = 3^5 ± and k x = With 

these, the BCOV ring is determined by 

^bcov = Q[s x;E , s x , s, k x , {C xxx }, {£ x x }, {£ x }, {£ x }, {k x }] ■ 

Example 3: The Calabi-Yau manifolds whose higher genus Gromov-Witten in- 
variants are studied in |19] are not complete intersections in toric varieties, but 
has an interesting property: there exist two different large complex structure limits 
(cusps) in the deformation space [27]. By mirror symmetry, this phenomenon is re- 
lated to non-birational Calabi-Yau manifolds whose derived categories of coherent 
sheaves are equivalent [27], [3], [22]. The cusps of the example in [27], [19] are located 
at x — and z = — = 0. The BCOV ring I^bcov with respect to a symplectic 
basis Bo at x = has a similar form as in Example 2 with 

= -1 xp(x) = 1 p(x) = -1 p(x)(x + U) + q(x) 

14 (a; - 3) 2 ' x 14 (x - 3) 2 ' 28 (x ~ 3) 3 
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and n x = ^c 2 —, where p(x) = x 4 - 716a; 3 + 422a; 2 + 452a; - 15, q(x) = 12374a; 3 - 

7166a; 2 - 76302 + 246. The BCOV ring iVg^ov at the other CUS P ( z = °) is defined 
with respect to a different symplectic basis B^ . However we verify from the results 
in [H] that the ring is determined with £f = £ z z =£%,£» = 

and k z = ^(^p)- From this, we observe that the BCOV ring T(F BCOV is invariant 
under the symplectic transformation which connects Bq and B^ . 



4. BCOV holomorphic anomaly equation in I^bcov 

(4-1) BCOV holomorphic anomaly equation. The original form of the 
BCOV anomaly equation has been formulated based on the special Kahlcr geometry 
over the moduli space M. . Although mathematical ground of this anomaly equation 
has not yet been established, up to now, this equation provides the only way to a 
systematic calculation of higher genus Gromov-Witten potential F g (t) for Calabi- 
Yau complete intersections and some cases beyond them. About this equation, 
recently, several important progress has been made in physics literatures [32], [1], 
[IB] , [IS] , [2] . In particular, the polynomial property found by Yamaguchi and Yau 
[32] and also in [2] is the one which we followed for our definition of the BCOV ring 
7? r 

IK -BCOV- 

To summarize the recursive procedure given in [5], let us write the anomaly 
equation in the following form, which appeared in [32] and [2], 

R"F(a) i 1 9-1 

gsi3 2 1 2 ^ 3 ' 

(4.1) *=i 

= SJ*£l__+£^-^ + ^- (g>2). 
dS k dS dKj 

Then the recursion proceeds as follows, with ff^h^,^ in (JUJ), (|3TTT]) , (JSHJ), 
respectively, being unknown: 

Step 1. We start with the fact that there exists a polynomial fo(x) and a choice 
fij(x) such that 

= \c imn S mn - - l)iQ + f lti (x) , (f hi := a t log/o) 

gives the genus one Gromov-Witten potential Fi(t) of the mirror Calabi-Yau man- 
ifold X (with its Euler number x) when we take the holomorphic limit. We refer 
[3] [5] for details of Fi(t). The polynomial fo(x) is essentially given by the discrim- 
inant of the family. We define, using the bracket notation, 

^BCOV = ^BCOv[{/l,i( 3; )}l i 



r,i 

BCOV 



and regard DiJ 7 ^ (and fn) as an element of weight zero in 1Z 

Step 2. Suppose we have DiT^ and T^Fbcov as a bove. Consider the anomaly 
equation (|4.1[) for g = 2 in the ring T^bcov '° ^ no - a (unique) solution ^q 2 '' of 

(21 I 

weight (—2,0) under the condition T |sy_s fc _s_ = 0- Then the observation 
made in [5] is that there exist a rational section f2(x) of (£ -1 )® 2 and suitable 
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choices hij(x) and £ k {x) such that 

gives the Gromov-Witten potential F2(i) under the holomorphic limit. (f k j(x) in 
step 1 and h i:j (x),£ k (x) in step 2 fix the lifting S*"' 3 to S Q/3 , and thus K T BCOV .) We 
extend our BCOV ring to 1^bcov~ ^bcovK/^ 1 )}]- 

For g > 3, this procedure continues genus by genus enlarging the BCOV ring by 
some rational section f g (x) of the line bundle £ 2 ~ 2g to TZgcov = ^scov [{/«}]■ 
When we define a notation 

'R-BCOV ~ ^J^^-BCOV ' 

the solutions .F fl are (scalar) elements in this ring of weight (2 — 2g, 0). 

Remark 4.1. In general, the ring 'R-bcov 1S a l ar S e ring. However, we note that, 
since 'R^b'cov consists of L-invariants, working in an afhne coordinate U C M. of 
the toric variety M. = P 'secCS) makes sense. Let us consider an affine coordinate 
of U and consider the field of rational functions Q(x) on U . We assume that the 
unknowns £ k , £ k , , K m are rational functions on U (as seen in Example 2 and 3 
of (3-4)). Then, due to the rationality of Cijk and f g (x), we observe 

(4.2) TZ r ^ ov \ u cQ(x)[S i ^,S k ,S,K i \ . 

The ring in the r.h.s. of the inclusion is the local form which we see the BCOV 
ring T^cov m physics literatures, for example [32], [16], [19]. In reference [IB] , 
in particular, following the idea of [29], [13], an efficient way to impose certain 
boundary conditions to determine f g {x) has been found. 

(4-2) BCOV anomaly equation in T^bcov ^ s briefly sketched above, solv- 
ing BCOV anomaly equation (14. ip contains a process finding a suitable f g {x) at 
each genus. This is the main problem to determine the Gromov-Witten potential 
F g from the anomaly equation. Apart from this important problem, we can extract 
some algebraic (combinatorial) structure of the equation by considering the same 
BCOV anomaly equation (|4.1[) in the reduced ring T^gcov defmeel in (|3.8|) . 

Let us first note that I^bcov 1S g enera ted by S lj , S k , S, Ki and C^k over Q in 
the quotient ring, with the 'reduced' differential Di (see Remark 3.9). Hereafter 
all manipulations should be understood in this quotient ring, although we abuse 
the same notations. The BCOV anomaly equation has the same form as (|4.1j) 
with obvious replacements of the generators, e.g. S 1 ^ by S v . Then the following 
property is due to [2J: 

Proposition 4.2. Define new generators by 

S ij = S lJ , S k = S k - S km K m , S = S - S m K m + ^S mn K m K n , 

then the second equation of implies simply Qf^— ■ — 0, namely 

e Q[S ij , S k , S, C m ] C Q[S ij , S k , S, K m , C ijk ] (= TZ% e ^ v ) . 
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Using the new generators above, the l.h.s of the first equation of (14. 1| may be 
written as 

— : Kj — h -KiKj — , 

dS» ' BS i 2 - OS 

while the r.h.s. of that equation has the following expansion, 
1 1 9-1 

(4.3) 2 2 h=i 

= + QiKb-V + Q^Ki + ^Qb-VKiKj . 

Here one should note that by the above Proposition, the dependence on comes 
only from the covariant derivatives. Now comparing each coefficient of l,Ki, KiKj, 
we have, 

Proposition 4.3. The BCOV anomaly equation in T^bcov * s equivalent to the 
following first order system of linear differential equations; 

(4.4) ^- = Q f x) , ^4- = -Q , = Q {9 - 1] (g > 2). 

gsiJ dSl as 

With the initial data Q\V , Q^, which follow from (£3p with A^ (1) = ^C ijk S jk 
— (& — l}Ki, this equation has a unique solution 6 Q[S U , 5 fc , 5, CV^] of weight 
(2-20,0). 

The uniqueness of the solution above follows from the weight consideration for 
the possible 'constants of integration' in the ring T^bcqv 

For the application to Gromov-Witten potential F g (t), the BCOV anomaly equa- 
tion should be considered in the ring T^bcov> as we have summarized briefly in the 
previous section. However, the simple structure (14. 4p extracted above in T^bcov 
is still valid for the BCOV anomaly equation in the ring TZFrcov- ^ n ^ ac ^ the form 



(|4.4[) of the BCOV equation has appeared first in [|19], section (3-4)] to make the 
solutions (F ff (t)). 



5. Conclusions and discussions 

After a self-contained introduction to the special Kahler geometry, we have in- 
troduced the differential ring T^bcov^ which is geometric in nature. Combined 
with the modular property, we considered the T- invariant 'lifts' <S ,S of the 
propagators. The 'lifting' process has been identified with that of fixing 'mermor- 
phic ambiguities' in [5]. With a choice of T- invariant lifts of the propagators, we 
defined the ring T^bcovi which depends on the choice of the lifts. After taking a 
symplectic basis B, we defined the holomorphic limit Tifscov following [5]. In case 
of an elliptic curve, we have shown a close relation of our BCOV rings to the theory 
of quasi- modular forms due to Kaneko-Zagier [23j . 

Considering a suitable quotient, we have reduced the ring TZ° BCOV to a finitely 
generated differential ring T^bcov- ^ n this reduced ring, we have extracted a simple 
algebraic structure of the BCOV holomorphic anomaly equation which still exists 
before the reduction. 
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As briefly summarized in section 4, our construction of the BCOV ring is an 
abstraction of the important progress made in [32] and [2] for the solutions of 
BCOV holomorphic anomaly equation. In 1999, in case of a rational elliptic surface 
\K 3, M.-H.Saito, A. Takahashi and the present author [21] found a similar recursion 
formula for Gromov-Witten potentials, 



dZ g.n 1 ST ST , w 7 , n(n+l) 
^ ' ~8eT = 24 ^ l^ s ( n - s)Z gl , s Z g n. n _ s + — Z g - ltn , 

g'+g"=g s=1 
g',g">o 

in terms of quasi-modular forms Z g . n =P g . n fl\a n (P g -n € Q[i?2, E4, Eq\) with the 
1 

initial data Zq-i = ff T \A G this generalized a previous result in [5S],[5Q for g = 



case). Later it has been conjectured that the above recursion relation (|5.1[) is 
equivalent to the BCOV holomorphic anomaly equation evaluating J 7 ^ for g < 3 
[T5] . Due to recent progress made in [32] and [3J, we have now the BCOV anomaly 
equation of the form, 

h=l 

which is defined over a suitable BCOV ring T^cov ^ n this form, we can prove 



the equivalence of the 'modular anomaly equation' (|5.1j) to the BCOV holomorphic 
anomaly equation. It is almost clear that the close relationship between the ring of 
the quasi-modular forms and our BCOV ring presented in section 3 plays a central 
role for the equivalence. The detailed results will be reported elsewhere [2"0] . 
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